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Abstract
Hess et al. (Vision Res. 40 (2000) 365) found that the peak frequency of the amplitude difference spectrum (ADS) of a Landolt
C/flanking bar configuration was higher than that of an isolated C. They believed that this mismatch in the dominant frequency
components could account for the foveal crowding effect. The following empirical and theoretical studies were conducted to
evaluate this new explanation. First, the foveal crowding effect between a Landolt C and four flanking bars was measured under
same- and mixed-polarity conditions. Significant crowding was found under the mixed-polarity condition. This result is different
from the data that Hess et al. used to support their explanation of the foveal crowding effect. Second, analytical expressions for
the Fourier transforms of C/flanking bar configurations were derived. ADS for various ring/bar separations and contrast
polarities were calculated using these expressions. This analysis showed several discrepancies between ADS peak frequency
predictions and empirical data. Therefore, the ADS peak frequency of the stimulus configuration does not provide an adequate
explanation for the foveal crowding effect. © 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction
Foveal visual acuity can be impaired by the presence
of features that surround the visual acuity target. This
‘contour interaction’, or ‘crowding effect’ was first
quantified by Flom, Weymouth and Kahneman (1963)
using a Landolt C and four flanking bars. Current
explanations for the crowding effect range from neural
interaction to inaccurate eye movement control to di-
vided attention (see Flom, 1991 for a comprehensive
review). Recently, a new explanation has emerged
(Hess, Dakin, & Kapoor, 2000). This explanation
stemmed from a study by Bondarko and Danilova
(1997), who calculated the spatial frequency compo-
nents of a Landolt C. When the modular amplitudes on
a pair of orthogonal axes, one of which went through
the gap of the C, were compared, they found that the
largest difference occurred at 1.15–1.30 cycles/letter.
They suggested that this amplitude difference spectrum
(ADS) carried the physical information for the task of
discriminating the orientation of the Landolt C
(whether the gap was on the horizontal or vertical axis),
and that 1.15–1.30 cycles/letter was the optimal fre-
quency range for the task. Hess et al. (2000) calculated
the ADS of a Landolt C and four flanking bars of the
same contrast polarity. They found that, when the
separation between the flanking bars and the Landolt C
(ring/bar separation) was 1 bar width, the peak fre-
quency of the ADS was higher than 1.2 cycles/letter,
the optimal frequency for determining the orientation
of the C. These authors thus proposed that this mis-
match in the dominant frequency components was the
cause of the foveal crowding effect. The foveal crowd-
ing effect, according to these authors, was determined
by the physics of the stimulus, not by the physiology of
the visual system. Hess et al. also calculated the ADS
peak frequency of a black Landolt C and four white
flanking bars at 1 bar width ring/bar separation. They
found that the ADS peak frequency was not different
from that of an isolated C. They measured the foveal
crowding effect in two subjects using this mixed-polar-
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ity configuration and found no acuity reduction at any
ring/bar separations. This agreement between ADS
peak frequency and psychophysical data provided fur-
ther support for the physical explanation of the foveal
crowding effect.
The ADS peak frequency explanation of the
foveal crowding effect is an interesting one, not
only because it represents a new way of looking
at interactions between features in the visual field,
but also because it consolidates spatial interaction into
one single number, namely, ADS peak frequency. How-
ever, since Hess et al. (2000) calculated only a few ADS
peak positions and their mixed-polarity experimental
results are not convincing, a thorough evaluation of
this explanation is warranted. This paper serves this
purpose.
2. Methods
2.1. Psychophysics
The foveal crowding effect was measured using vari-
ous Landolt C and flanking bars contrast polarity
combinations. The colors of the Landolt C and the bars
were either darker (black) or lighter (white) than a gray
background, whose luminance was a constant 10.02
cd/m2. The luminance levels of the black and white
features were 0.24 cd/m2 and 19.7 cd/m2, representing a
9.78 cd/m2 decrement and a 9.68 cd/m2 increment from
the background. Weber contrasts (C=B/B) were
about 98% for both black and white features. The
experiments were conducted in a dark room.
Visual acuity was measured under same-polarity con-
ditions (black-C/-bars and white-C/-bars) and mixed-
polarity conditions (black-C/white-bars and
white-C/black-bars). The size of the Landolt C was
chosen so that the stimulus with the largest ring/bar
separation (10 bar width) yielded roughly 80% correct
identification. This was achieved by varying the viewing
distance. The strokes of the Landolt C and the bars
were at least 12 pixels wide. For observers YF, KL and
LL, the minimum angle of resolution (MAR) was 0.96
arcmin and for observer RA, it was 1.09 arcmin. For
each contrast polarity combination, 12 ring/bar separa-
tions between 0.25 and 10.0 MAR were tested. The four
conditions and 12 separations were intermixed in a
constant stimulus paradigm. Eighty to 100 trials were
accumulated for each separation under each contrast
condition.
The stimuli were displayed on a color monitor and
were viewed through a front-surface mirror, which
served to increase effective viewing distance to 10–12
m. Stimulus generation and experimental control were
performed by a Silicon Graphics Indigo graphics com-
puter. The stimulus was viewed monocularly and the
observer was given unlimited viewing time. The ob-
server pressed one of the arrow keys to indicate the
position of the gap of the Landolt C, which also
triggered the display of the next stimulus.
Four observers with normal vision participated.
Three of them were naı¨ve to the purpose of the experi-
ment. Observers RA and LL were emmetropic. Observ-
ers YL and KL wore their normal distance corrections
during the experiments.
2.2. Theoretical analysis
The analytical expression of the ADS has the advan-
tage of reducing a 2-D image analysis problem into a
1-D profile calculation. In addition, an analytical ex-
pression allows us not only to describe a phenomenon,
but also to explain how such a phenomenon may occur.
For example, with the help of the analytical expressions
of the ADS, it is easy to explain how changes in
ring/bar separation can cause changes of ADS peak
frequency.
The techniques and notations used below are com-
monly used in the field of Fourier Optics. Fourier
transform theorems used in this paper, definitions of
some special functions and their Fourier transforms are
collected in Appendix A. Detailed derivations of these
theorems and Fourier transform pairs can be found in
Goodman’s classic book on Fourier Optics (Goodman,
1968).
In this paper, both a Landolt C and a square C are
analyzed. A square C (Fig. 1a) is 5-unit high and wide.
The stroke width is 1-unit, so is the gap. A square C is
analyzed for the following reasons: (1) the analytical
expression of a Landolt C can only be approximate
while the analytical expression of a square C is precise;
(2) the Fourier domain expression of a square C con-
sists of three sinc functions. This is much easier to
calculate, comparing to the Fourier transform of a
Landolt C, which contains two first order Bessel func-
tions of the first kind, J1(); (3) the usage of square C as
a visual acuity target can be traced back to 1909
(Pergens, 1909, cited by Pointer, Gilmartin, & Larke,
1980). Because a square C can be precisely rendered on
a computer screen with a small number of pixels, it
becomes popular in recent studies of the crowding
effect (Manny, Pern, Loshin, & Martinez, 1988; Nazir,
1992; Leat, Li, & Epp, 1999; Liu, 2001). These studies
demonstrated that a square C was subject to the crowd-
ing effect in a similar fashion as a Landolt C. If the
ADS peak frequency is indeed a valid explanation of
the foveal crowding effect, it stands to reason that it
should apply also to a square C target.
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3. Results
3.1. The foeal crowding effect caused by
mixed-polarity configurations
Visual acuity to a Landolt C was measured under
four conditions: white-C/-bars, black-C/-bars, white-C/
black-bars and black-C/white-bars. The results are
shown in Fig. 2. Visual acuity is in percentage of
correct responses and the ring/bar separation is in
multiples of MAR. The black-C/-bars configuration
(solid squares) appeared to produce a stronger crowd-
ing effect over a larger range of ring/bar separation
than the White-C/-bars configuration (solid circles). In
both cases, the maximum crowding occurred at about 1
MAR, and there was hardly any crowding effect when
the ring/bar separation was larger than 4 MAR. Open
stars and open diamonds represent data obtained from
mixed-polarity configurations. It is obvious that fea-
tures of opposite contrast polarities did interact with
each other, although the maximum interaction was not
as strong as that between features of the same contrast
polarity. Same- and mixed-polarity configurations had
similar dependency on ring/bar separation. Both exhib-
ited maximum interaction at narrow separations and
both recovered from crowding at about 4 MAR. A
small upturn of visual acuity at the narrowest ring/bar
separations may be observed, but it was not always the
case.
Interaction between features of opposite contrast po-
larities has been confirmed by other studies. Kooi,
Toet, Tripathy, and Levi (1994) used a ‘T’ target and
four ‘T’ flanks to study the crowding effect at 10°
eccentricity. They found that the recognizability of the
‘T’ target was poor when it was surrounded by flanking
T’s of the same contrast polarity. Recognizability was
improved if the target and the flanking T’s had opposite
contrast. However, even under the mixed-polarity con-
dition, the crowding effect was substantial. At the
narrowest target/flanker separation they tested (1°), the
recognizability under the mixed-polarity condition was
similar to that produced by the same-polarity condi-
tion. Recognizability recovered more quickly to the
level of an isolated T when opposite contrast flankers
were moved away from the target. Chung (1999) mea-
sured rapid serial visual presentation (RSVP) reading
speeds for single-polarity text (all-black characters or
-white characters) and mixed-polarity text (randomly
mixed black and white characters) at 5° and 10° eccen-
tricity. The idea was that if interactions between fea-
tures of opposite contrast polarities were significantly
weaker, then mixed-polarity text should read better
than single-polarity text. No reading speed differences
were found in the periphery. The ineffectiveness of
mixed-polarity text in improving reading speed has also
Fig. 1. C targets and their ADS. (a) A square C is made of 3 rect functions, two concentric and one shifted 2-unit to the right. (b) A Landolt
C is made of a 2 concentric circ functions and a shifted rect function. (c) Various ADS. The solid and the dashed curves are the ADS of a square
C and a Landolt C, respectively. Open circles are results of Bondarko and Danilova (1997).
L. Liu / Vision Research 41 (2001) 3693–37043696
Fig. 2. Empirical data of the foveal crowding effect. Solid squares, solid circles, open diamonds and open stars are data points obtained with four
combinations: black C/black bars, white C/white bars, black C/white bars, and white C/black bars, respectively, all on a gray background. White
curves are predicted crowding effect based on the ADS peak frequency explanation.
been found in the fovea (Beckmann, Legge, & Luebker,
1991).
It is not clear why Hess et al. (2000) did not find any
crowding using an opposite-polarity configuration. The
experimental conditions were similar in terms of target
size and viewing distance. There was a difference, how-
ever, in display duration. Hess et al. (2000) used 500 ms
display duration while the experiments reported here
used uncontrolled display duration. Whether short du-
ration can abolish interactions between features of dif-
ferent contrast polarities remains to be explored.
3.2. The analytical expressions of the ADS of a square
C/flanking bars configuration
3.2.1. C targets and their ADS
As shown in Fig. 1a, a square C can be created by
linearly combining three rect functions. A 5×5-unit
rect function and a 3×3-unit rect function, both cen-
tered at the origin, form a square ring. A 1×1-unit rect
function that is shifted 2-unit along either the x- or the
y-axis makes the gap. Therefore, in space, a square C
with the gap on the positive x-axis (right position) is
described by
CS(x, y)=rect
 x
5u

rect
 y
5u

−rect
 x
3u

rect
 y
3u

−rect
x−2u
u

rect
y
u

(1)
A Landolt C can be created by linearly combining
two concentric circ functions and an eccentrically
placed rect function (Fig. 1b).
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CL(x, y)=circ
x2+y2
2.5u

−circ
x2+y2
1.5u

−rect
x−2u
u

rect
y
u

(2)
The two circ functions are 5- and 3-unit in diameter.
They make a circular ring centered at the origin. The
1×1-unit rect function opens a gap on the positive
x-axis (right position). This expression, however, is
only an approximation (see Section 4 for details).
The analytical expression of the ADS of a stimulus
configuration is derived by taking 2-D Fourier trans-
form of the spatial stimulus, and then calculating the
modular amplitudes of the components on two orthog-
onal axes, one goes through the gap of the C and one
does not. Eq. (3) describes the ADS of isolated square
C and Landolt C (Appendices B and C):
ADSC= a−b −a2+b2−2ab cos(4uf ) (3)
For an isolated square C,
a( f )=25u2 sinc (5uf )−9u2 sinc (3uf )
b( f )=u2 sinc (uf )
(4)
For an isolated Landolt C,





a( f )=2.5u
J1(5uf )
f
n
−1.5u
J1(3uf )
f
n
b( f )=u2 sinc(uf )
(5)
A MATLAB program was written to evaluate Eq. (3)
for both C targets. The parameter u was set to 1.0 and
the step size in the frequency domain was 0.005 cycles/
letter. The ADS of a Landolt C and a square C are
shown as the heavy dashed curve and the heavy solid
curve in Fig. 1c. The peak frequencies for a square C
and a Landolt C were 1.175 and 1.20 cycles/letter,
respectively. Therefore, as far as the ADS peak fre-
quency is concerned, a Landolt C and a square C are
quite similar. Bondarko and Danilova (1997) used a
digital integral method to calculate Landolt C ADS.
They found that the ADS peaked between 1.15 and
1.30 cycles/letter. Their curve (their Fig. 1b) is replotted
here as open circles. The ADS produced by the two
methods appear to be very similar. To make things
simple, 1.2 cycles/letter will be used as the optimal
frequency for both a square C and a Landolt C.
3.2.2. The C/flanking bars configuration and its ADS
Four 1×5-unit flanking bars that have the same
contrast polarity as the C target and that are placed
symmetrically around the origin are described by
B(x,y)=rect
 x
5u

rect
y+su
u

+rect
 x
5u

rect
y−su
u

+rect
x+su
u

rect
 y
5u

+rect
x−su
u

rect
 y
5u

(6)
The parameter s is the bar position from the origin.
When s=3, the inner edge of a flanking bar just
touches the outer edge of the C; that is, the ring/bar
separation is 0. So, s should be 3.
In space, the C/flanking bar stimulus configuration is
the sum of the C and the bars:
G(x, y)=C(x, y)+B(x, y) (7)
The ADS of this stimulus configuration is given by
(Appendix D):
ADSC+B= a−b −a2+b2−2ab cos(4uf ) (8)
For a square C target, a( f ) and b( f ) are defined as:
a( f )=10u2 sinc(5uf )+10u2 sinc(uf ) cos(2suf )
+25 u2 sinc(5uf )−9u2 sinc(3uf )
b( f )=u2 sinc(uf ) (9)
For a Landolt C target, a( f ) and b( f ) are defined as:
a( f)=10u2 sinc(5uf)+10u2 sinc(uf) cos(2suf)
+2.5u
J1(5uf)
f
n
−1.5u
J1(3uf)
f
n
b( f)=u2 sinc(uf)
(10)
In the following sections, Eqs. (8)– (10) will be used to
show how ADS peak frequency should vary with flank-
ing bar position s. The crowding effect predicted by the
ADS peak frequency will be compared with empirical
data.
3.3. Theoretical predictions and empirical data
If ADS peak frequency is the sole determinant of the
foveal crowding effect, as suggested by Hess et al.
(2000), then its variation with ring/bar separation
should closely match empirical data that has accumu-
lated since Flom et al. (1963) first introduced the Lan-
dolt C/flanking bars configuration. Hess et al.
calculated only three ADS peak frequencies. With the
help of the analytical expressions above, ADS can be
evaluated on a much larger range of ring/bar separa-
tions in much finer steps.










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3.3.1. Same-polarity configuration
Fig. 3 shows the typical foveal crowding effect data.
The circles and the squares were obtained from a
Landolt C target and a square C target, respectively.
The solid symbols on the right vertical axis were ob-
tained using isolated C targets. The acuity targets and
the flanking bars were all black features on a white
background and they all had a stroke width of 16
pixels. Viewing distance was 1740 cm. Landolt C and
square C were tested separately. Stimulus duration was
unlimited. These results are very similar to that ob-
tained by Flom et al. (1963). Visual acuity reaches its
lowest point at a ring/bar separation of about 2 MAR,
returns to the level of an isolated C at a ring/bar
separation of about 5 MAR, and stays at this level for
even larger separations. Notice that the crowding effect
shown in Fig. 3 is stronger and extends over a larger
range of ring/bar separations than the same-polarity
data shown in Fig. 2. This difference may be explained
by the difference in stimulus contrasts. There are some
differences between square C and Landolt C results,
but the differences are rather small comparing to the
reduction of visual acuity caused by the crowding
effect.
According to the physical explanation of Hess et al.
(2000), the deviation of ADS peak frequency from 1.2
cycles/letter should closely match the observed reduc-
tion of visual acuity from the level of an isolated C. To
test this hypothesis, the relationship between the ADS
peak frequency and the ring/bar separation was ana-
Fig. 4. Variation of ADS peak frequency with the ring/bar separa-
tion. The ring/bar separation is in multiples of MAR. Peak frequency
is in terms of cycles/letter. The peak frequency of an isolated C occurs
at about 1.2 cycles/letter. The solid and dotted curves represent ADS
peak frequencies of a square C target and a Landolt C target,
respectively. (a) The C target and the flanking bars have the same
contrast polarity. (b) The C target and the flanking bars have
opposite contrast polarities. Open circles are Hess et al.’s results.
Fig. 3. Typical foveal crowding effect. Squares and circles represent
data obtained using a square C and a Landolt C, respectively. The
heavy dash curve is the predicted Landolt C crowding effect based on
the ADS peak frequency explanation.
lyzed using Eqs. (8)– (10). A MATLAB program was
used to calculate ADS for the bar position parameter s
over a range of 3–23 MAR (ring/bar separation 0–20
MAR) at a step of 0.01 MAR. The parameter u was set
to 1.0. Each ADS was calculated over a spatial fre-
quency range of 0–6.25 cycles/letter, at a step of 0.005
cycles/letter. The ADS peak frequency for each s was
determined digitally. Fig. 4a shows ADS peak frequen-
cies for same-polarity C/flanking bar configurations.
The solid and dotted curves are for square C and
Landolt C targets, respectively.
Notice that at 1 MAR ring/bar separation (s=4,
open circle), the ADS peaks at 1.45 cycles/letter. This
confirms Hess et al.’s calculation. However, ADS peak
frequency undergoes complicated changes when the
flanking bars move away from the C target. Taking the
Landolt C (the dotted curve) as an example. When
s=3 (flanking bars touching the C), the ADS peaks at
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a frequency of 1.2 cycles/letter. Visual acuity should be
similar to that observed using an isolated C. After a
small increase, the peak frequency starts to drop
quickly below 1.2 cycles/letter at s=3.4 (ring/bar sepa-
ration 0.4 MAR). The peak frequency is 0.94 cycles/let-
ter when s=3.75 and then shoots upto 1.53
cycles/letter when s=3.8. This is followed by a quick
decrease of ADS peak frequency. At s=5 (ring/bar
separation of 2 MAR), the peak frequency returns to
1.2 cycles/letter. This bi-phasic change of the peak
frequency repeats itself every 4–5 bar widths when the
flanking bars move further away from the C.
In order to predict the crowding effect, we need to
know how visual acuity would change if the ADS peak
frequency shifts above or below 1.2 cycles/letter. Be-
cause Hess et al. (2000) showed that the gap detection
mechanism was narrowly tuned to 1.2 cycles/letter
(Hess et al. (2000), Fig. 3), we should expect to see a
reduction of visual acuity when the ADS peak fre-
quency is either lower or higher than 1.2 cycles/letter.
Since there is not empirical data to quantitatively relate
the amount of ADS peak shift to the amount of visual
acuity change, it is simply assumed that visual acuity
reduction is proportional to the amount of ADS peak
shift, either above or below 1.2 cycles/letter. Therefore,
the bi-phasic change of ADS peak frequency should
correspond to a quick reduction of visual acuity, fol-
lowed by a quick recovery of visual acuity. In the case
of same-polarity configuration, such prediction is
shown as the heavy dashed curve in Fig. 3. This curve
is made from the dotted curve in Fig. 4a, by flipping the
portions above 1.2 cycles/letter vertically.
If the ADS peak frequency were correct, we should
see a quick reduction and then a quick recovery of
visual acuity when the ring/bar separation increases
from 0.75 to 2 MAR. We should see similar, but
weaker, changes of visual acuity at 5, 9 and 13 MAR
ring/bar separations. ADS peak frequency explanation
also predicts that a Landolt C should produce a
stronger crowding effect than a square C. The empirical
data, however, differs in several aspects from these
predictions. Both Flom et al. (1963) original data and
the data shown in Fig. 3 consist of only one depression
of visual acuity that reaches its deepest point at about
2 MAR and ends at about 5 MAR. There has been no
report of a foveal crowding effect when the ring/bar
separation is wider than 5 MAR. A square C may be a
slightly easier target than a Landolt C, but there is no
evidence that it suffers much less from the foveal
crowding effect. Therefore, the ADS peak frequency
does not provide an adequate explanation for the same-
polarity data.
3.3.2. Mixed-polarity configuration
A ring/bar configuration of mixed contrast polarities
can be created by adding a minus sign in front of
B(x, y) in Eq. (7). One needs not to be concerned about
the negative values because they can be brought back to
zero by adding 1.0 to Eq. (7). Since adding a constant
to the spatial expression only introduces a zero-fre-
quency component in the Fourier domain, this opera-
tion does not have any effect on the ADS.
Fig. 4b shows ADS peak frequencies of the mixed-
polarity configuration at various ring/bar separations.
The solid curve and the dotted curve are ADS peak
frequency curves for square C and Landolt C targets,
respectively. Hess et al. (2000) reached the correct result
that the ADS peak frequency at 1.0 MAR ring/bar
separation was 1.2 cycles/letter (open circle). However,
the ADS peak frequency of the mixed-polarity configu-
ration is not constant. It varies with ring/bar separa-
tion, almost as much as the same-polarity
configuration. The difference is that the first deviation
from 1.2 cycles/letter does not occur until the ring/bar
separation is 2 MAR. According to this calculation, we
should expect to see multiple depressions of visual
acuity centered at 3, 7.5, and 12 MAR ring/bar separa-
tions when the C target and the flanking bars have
opposite contrast polarities. The acuity reduction
should be slightly less than that produced by same-po-
larity configurations. The white curves in Fig. 2 illus-
trate such predictions. These curves are made from the
dotted curve in Fig. 4b. Obviously the ADS prediction
does not agree with Hess et al.’s empirical data, which
is flat throughout the whole range of ring/bar separa-
tion. Nor does it agree with the results shown in Fig. 2.
Therefore, ADS peak frequency is not an adequate
explanation for the foveal crowding effect involving
features of opposite contrast polarities.
3.4. The cause of ADS peak shift
The variation of ADS peak frequency shown in Fig.
4 is determined by the stimulus configuration (ring/bar
separation) and by the procedure of selecting the maxi-
mum of the ADS. To demonstrate this point, the main
factors in the expression of the ADS are plotted in Fig.
5. The heavy curves are ADS at various ring/bar sepa-
rations. Bar positions (s) in MAR are shown on the left
side. Ring/bar separations (s−3) are shown on the
right side. The solid circles are digitally determined
peak positions (values in the parentheses) and the ar-
rows indicate how the peak frequency changes from
one ring/bar separation to another. Hess et al.’s (2000)
calculation (their Fig. 2) is replotted as open circles at
s=4.
The only factor in the expression of ADS (Eqs.
(8)– (10)) that is related to the position of the bars is
a( f ), more precisely, the term 10u2 sinc(uf ) cos(2suf )
in a( f ). This is a cosine oscillation in the frequency
domain, generated by the flanking bar that is adjacent
to the gap of the C and its parallel partner. Because the
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bars have a finite width, the cosine wave is windowed
by a sinc function. This pattern is similar to the inter-
ference fringe obtained in a two-slit coherent light
interference experiment. The period of the cosine oscil-
lation is the reciprocal of bar position s. Therefore, the
peaks of the oscillation occur at frequencies f=n/s,
where n=0, 1, 2, …. If we select a peak of the cosine
wave and monitor its position at various bar positions,
we see that this peak moves toward the left (lower
frequencies) when s increases. This is because the period
of this oscillation becomes smaller when s gets larger.
For example, the position of the second peak of the
oscillation (n=1) is at f=1/s. When s is equal to 4
MAR (ring/bar separation=1 MAR), the peak is at
f=1/4 cycles/MAR. Because the width of a C is 5
MAR, 1/4 cycles/MAR is 5/4=1.25 cycles/letter. When
s=5 (ring/bar separation=2), the peak is at f=1/5
cycles/MAR, or 1.0 cycles/letter, and so on. This term
is shown as the thin cosine oscillations in Fig. 5. The
other terms in the ADS expression come from the
visual acuity target, and they are not related to s. These
terms provide a constant envelope that attenuates both
the very low and very high frequencies. A Landolt C
and a square C produce slightly different envelopes.
Fig. 5. The heavy curves are modular ADS of a Landolt C/flanking bar configuration at various ring/bar separations. They are made of two
components. The thin curves represent a cosine oscillation whose period is related to the positions of the bars. The dashed curves show a constant
envelope that is not related to the ring/bar separation. The numbers on the left is bar positions from the origin (s). The numbers on the right are
the separation between the square ring and the flanking bars (s−3). Both measures are in multiples of MAR. The black dot on each curve
indicates the digitally determined peak position. The numbers in the parentheses are peak frequencies in cycles/letter. The arrows indicate how the
peak position changes with ring/bar separations. Open circles at 1 MAR ring/bar separation are Hess et al.’s results.
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The dashed curves in Fig. 5 show the envelope pro-
duced by a Landolt C target. The first peak of the
envelope is always at 1.2 cycles/letter. An ADS is the
result of the bar-position sensitive cosine oscillation
opening gaps on the constant envelope. This is most
obvious in the last set of curves, where the ring/bar
separation is wide (10 MAR) and the period of the
cosine is small.
The bi-phasic changes of ADS peak frequency shown
in Fig. 4a are the results of the interplay of two process:
(1) a gradual, leftward shift of a gap, which corre-
sponds to the leftward shift of the peaks of the bar-po-
sition sensitive cosine; (2) a swift switch from one side
of a gap to the other, which is the result of selecting the
maximum of the ADS. When s=3 (ring/bar separa-
tion=0 MAR, first set of curves), the second peak of
the bar position sensitive cosine (n=1) cuts a gap that
is on the right of the first peak of the constant envelope.
Since the gap is still too far to the right to interfere with
the envelope peak, the peak of the ADS is at the
envelope peak, which is 1.2 cycles/letter. Following the
leftward shift of the second peak of the cosine, the gap
moves closer to the envelope peak. From s=3.4 to
s=3.75, the left edge of this gap passes the peak of the
envelope and becomes the highest point on the ADS.
The leftward movement of the left edge over this range
of bar position corresponds to the initial downward
phase of the dotted curve in Fig. 4a. At s=3.8, the
right edge of the gap overtakes the left edge to become
the highest point on the ADS. This corresponds to the
first abrupt jump of ADS peak frequency in Fig. 4a.
From s=3.8 to s=5, the right edge remains to be the
highest point of the ADS and it moves leftward with
the n=1 peak of the cosine. This corresponds to the
second phase of the first bi-phasic change in Fig. 4a.
Between s=5 and s=7.25, the gap produced by the
n=1 peak of cosine is too far to the left of the peak of
the envelope while the gap produced by the n=2 peak
is still too far to the right. The peak of the envelope
remains to be the highest point over this range of bar
position and the ADS peak frequency remains to be 1.2
cycles/letter. Only when the n=2 peak of the cosine
starts to pass through the peak of the envelope, does
the second bi-phasic change of the ADS peak frequency
occur.
The exploration of the causes of ADS peak shift
reveals that a causal relationship between ADS peak
frequency and the crowding effect is rather dubious. It
is difficult to imagine that a continuous variation of a
physical stimulus variable (ring/bar separation) should
cause a sudden switch of the underlying mechanism
that determines the behavior. Furthermore, the switch
from below the optimal frequency to above is deter-
mined by maybe 1/1000 of difference in the relative
heights of the two edges of a gap in the frequency
domain—again, an improbable hypothesis. If we keep
in mind that the visual system itself is rather noisy, the
use of ADS peak frequency is at least unreliable, if not
totally inappropriate.
Fig. 6. Details of a Landolt C. The two solid arcs are the inner and outer circumferences of a circular ring. The gray square is a 1×1 unit rect
function. This function cannot open a clean gap on the circular ring. The hatched areas near the inner circumference will be left alone and the
crossed areas near the outer circumference will be set to negative values. The height of these areas, h, is an estimate of the maximum amount of
errors.
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4. Discussion
4.1. Other stimulus configurations
Liu (2001) measured the foveal crowding effect
caused by two flanking bars that were parallel to each
other. When one of the bars was adjacent to the gap of
a square C, a very strong crowding effect could be
observed, but only over the range of ring/bar separa-
tion from 0 to 2 MAR. When neither bars was adjacent
to the gap, only a moderate crowding effect was ob-
served around 4 MAR ring/bar separation. Liu (2001)
also calculated ADS of the 2-bar configurations using
digital 2-D FFT and found that ADS peak frequency
could not provide an adequate explanation of the em-
pirical data.
4.2. Errors in the Landolt C expression
The Landolt C expression in Eq. (2) is not precise.
The errors come from using a 1-unit by 1-unit rect
function to open a gap on the circular ring. As shown
in Fig. 6, the rect function (the gray square) placed at
the center of the stroke (indicated by two solid arcs)
fails to open the gap completely near the inner circum-
ference of the ring (the hatched areas), and it intrudes
into areas outside of the ring, thus introduces negative
values into these areas (crossed areas). However, the
magnitude of the errors is small. At normal visual
acuity (20/20 vision), the size of the gap is 1 arcmin.
The largest error is about 5 s of arc wide, which
contributes some very high frequency components that
are likely to be filtered out by the optics of the eye. If
a digitally generated Landolt C has a stroke width of 10
pixels, then errors produced by a 10-pixel by 10-pixel
rect function are less than 1 pixel wide and thus may
not show in the stimulus. Therefore, from a practical
point of view, the error may be ignored.
In this paper, the hypothesis that the ADS peak
frequency determines the foveal crowding effect is care-
fully examined using analytical expressions of the
Fourier transform of the C/flanking bar configuration.
The ADS peak frequency failed to explain empirical
data under both same- and mixed-polarity conditions.
While the idea that the reduction of visual acuity due to
the introduction of flanking bars is caused by a mis-
match between the dominant spatial frequency compo-
nents of a C/flanking bar configuration and the optimal
frequency for the detection of the orientation of an
isolated C remains to be an attractive explanation for
the foveal crowding effect, the peak frequency of the
ADS is unlikely to be the quantity that the human
visual system uses to gauge this mismatch.
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Appendix A. Fourier Transform Theorems and Fourier
Transform Pairs
The Fourier Transform of a 2-D spatial function g(x,
y) is defined as
F{g(x, y)}=
−

−
g(x, y) e− i2( fx x+ fy y) dx dy
(A1)
This definition was used in Goodman’s book for
Fourier Optics, as well as in Bracewell’s book for
Fourier transform (Bracewell, 1986). The theorems and
Fourier transform pairs below are consistent with this
definition.
If g(x) is a function in space and its Fourier trans-
form is G( fx), then
F{g(ax)}=
1
a  G
fx
a

(Similarity theorem) (A2)
F{g(x−a)}=e− j 2afx G( fx) (Shift theorem)
(A3)
If function f(x) and g(x) have Fourier transforms
F( fx) and G( fx) then
F{ f(x)+g(x)}=F( fx)+G( fx) (Addition theorem)
(A4)
If a 2-D function g(x, y) can be written as the
product of two 1-D functions gx(x) and gy(y) then this
function is called separable. The 2-D Fourier transform
of a separable function is the product of two 1-D
Fourier transforms.
If g(x, y)=gx(x)gy(y),
then F{g(x, y)}=F{gx(x)}F{gy(y)}. (A5)
A circularly symmetric function, such as a circ function,
is separable in a polar coordinate system. It is a func-
tion of the radius r=x2+y2 and its Fourier trans-
form is a function of =fx2+ fy2.
A rect function is a box of unit-height and -base that
is symmetric about the y-axis. It is defined as
rect(x)=
1 x 1/2
0 else
(A6)
A rect function that is s units wide is rect(x/s). A rect
function that is shifted b units in the positive x direc-
tion is rect(x−b). Finally, a ax-unit by ay-units 2-D
box of unit height is the product of two rect functions:
rect(x/ax) rect(y/ay). For example, a 5-unit long, 1-unit
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wide horizontal bar centered at the origin is rect(x/
5u) rect(y/u), a vertical bar of the same size is rect(x/
u) rect(y/5u). A 5-unit by 1-unit horizontal bar that is
shifted s-unit up or down along the vertical axis is
rect(x/5u) rect((ysu)/u).
The Fourier transform of a rect function is a sinc
function.
F{rect(x)}=sinc( fx)=
sin fx
fx
(A7)
One of the important properties of the sinc function is
that sinc(0)=1.
A circ function is a disk of unit height and unit
radius, centered at the origin.
circ(x2+y2)=1 x2+y21
0 other
(A8)
Because circ is circularly symmetric, its frequency do-
main representation can be obtained by a Fourier–Bes-
sel transform.
F{circ(x2+y2)}=F{circ(r)}=J1(2)

(A9)
where r=x2+y2, =fx2+ fy2 and J1(2) is the
first-order Bessel function of the first kind.
Appendix B. The ADS of a square C
The Fourier transform of the square C defined in Eq.
(1) is
CS( fx, fy)=F{CS(x, y)}
=25u2 sinc(5ufx) sinc(5ufy)−9u2 sinc(3ufx) sinc(3ufy)
−u2 sinc(ufx) sinc(ufy) e
− j 2(2u)fx (B1)
The frequency components on the fx-axis ( fy=0) are
CS( fx, 0)=25u2 sinc(5ufx)−9u2 sinc(3ufx)
−u2 sinc(ufx) e
− j 2(2u)fx (B2)
This is because sinc(0)=1. On the fy-axis ( fx=0), the
frequency components are
CS(0, fy)=25u2 sinc(5ufy)−9u2 sinc(3ufy)
−u2 sinc(ufy) (B3)
The difference between the moduli of Eqs. (B2) and
(B3) is the modular ADS of the square C:
ADSS= CS(0, f )− CS( f, 0)
= 25u2 sinc(5uf )−9u2 sinc(3uf )−u2 sinc(uf )
− 25u2 sinc(5uf )−9u2 sinc(3uf )−u2 sinc(uf ) e− j 2(2u)f
(B4)
If we seta( f )=25u2 sinc(5uf )−9u2 sinc(3uf )
b( f )=u2 sinc(uf )
(B5)
then,
ADSS= a−b − a−b e− j 2(2u)f
= a−b −a2+b2−2ab cos(4uf ) (B6)
Appendix C. The ADS of a Landolt C
The Fourier transform of the Landolt C defined in
Eq. (2) is
CL( fx, fy)= (2.5u)2
J1(5u)
2.5u
n
− (1.5u)2
J1(3u)
1.5u
n
−u2 sinc(ufx) sinc(ufy) e
− i2(2u)fx (C1)
Since =fx2+ fy2, the frequency components on the
fx- and fy-axis are
CL( fx, 0)=2.5u
J1(5ufx)
fx
n
−1.5u
J1(3ufx)
fx
n
−u2 sinc(ufx) e
− i2(2u)fx
CL(0, fy)=2.5u
J1(5ufy)
fy
n
−1.5u
J1(3ufy)
fy
n
−u2sinc(ufy) (C2)
If we set





a( f )=2.5u
J1(5uf )
f
n
−1.5u
J1(3uf )
f
n
b( f )=u2 sinc(uf )
(C3)
then
ADSL= Cy( f )− Cx( f )
= a−b −a2+b2−2ab cos(4uf ) (C4)
Appendix D. The ADS of same-polarity C/flanking bar
configurations
The Fourier transform of the bars defined in Eq. (6)
is
B( fx, fy)=F{B(x, y)}
=5u2 sinc(5ufx) sinc(ufy)e
j 2sufy
+5u2 sinc(5ufx) sinc(ufy) e
− j 2sufy
+5u2 sinc(ufx) sinc(5ufy)e
j 2sufx
+5u2 sinc(ufx) sinc(5ufy) e
− j 2sufx









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=5u2 sinc(5ufx) sinc(ufy)(e
j 2sufy+e− j 2sufy)
+5u2 sinc(ufx) sinc(5ufy)(e
j 2sufx+e− j 2sufx)
=10u2 sinc(5ufx) sinc(ufy) cos(2sufy)
+10u2 sinc(ufx) sinc(5ufy) cos(2sufx) (D1)
The Fourier transform of a square C/flanking bars
configuration is the sum of CS( fx,fy) in Eq. (B1), and
B( fx,fy) in Eq. (D1)
F{GS(x, y)}=G( fx, fy)=CS( fx, fy)+B( fx, fy) (D2)
The frequency components on the fx- and fy-axis are
described by:
G( fx, 0)=10u2 sinc(5ufx)+10u2 sinc(ufx) cos(2sufx)
+25u2 sinc(5ufx)−9u2 sinc(3ufx)
−u2 sinc(ufx) e− j 2f
G(0, fy)=10u2 sinc(ufy) cos(2sufy)+10u2 sinc(5ufy)
+25u2 sinc(5ufy)−9u2 sinc(3ufy)
−u2 sinc(ufy)
Again, if we set
a( f )=10u2 sinc(5uf )+10u2 sinc(uf ) cos(2suf )+
25u2 sinc(5uf )−9u2 sinc(3uf )b( f )=u2 sinc(uf ).
(D3)
then,
G( fx, 0)=a( f )−b( f ) e− j 2(2u)f
G(0, fy)=a( f )−b( f ).
(D4)
The modular ADS of the square C/flanking bar
configuration is:
G( fx, 0)− G(0, fy)= a−b − a−be− j 2(2u)f (D5)
= a−b −a2+b2−2ab cos(4uf )
Similarly, by using CL( fx, fy) in Eq. (C1), and
B( fx, fy) in Eq. (D1), we can obtain the ADS of a
Landolt C/flanking bar configuration, which has the
same form as Eq. (D5), except that
a( f )=10u2 sinc(5uf )+10u2 sinc(uf ) cos(2suf )
+2.5u
J1(5uf )
f
n
−1.5u
J1(3uf )
f
n
b( f )=u2 sinc(uf ) (D6)
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